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• Standard Approach: Attempt to construct a relativistic quantum theory → QFT with a Flat Background

• Particles arise naturally as an interpretation of  the nonzero components of  the Fock space states in 

the n-fold tensor product space 

• In other words, they are irreducible representations of  the associated symmetry group (Poincare)

• Drawback: Relies on the unitary equivalence of  the field theory regardless of  choice of  Hilbert Space

• In curved STs, the machinery can still work, but choice of  basis is no longer clear and no longer unique

• Remedy: Reformulate the theory using a symplectic structure and an associated vector space – basically 

a phase space representation with a symplectic product and a Poisson Bracket 
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• Get the energy spectrum of  the free particles with different spacetime geometries

• Analyze what this energy depends on in different regions

• Derive the asymptotic behavior of  the scalar fields

• Determine whether a detector can use information gathered about the evolved state to infer 

elements of  the background geometry via certain behavior observed

• Started with Curvilinear Coordinates, Boosted Frames, & Rindler Coordinates

• Concluded with Static Patch of  deSitter Space
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ℒ(𝒙, ϕ)

ℋ(𝒙, ϕ)

EOMs for the Field ϕ 𝒙, 𝑡 𝑝 ≡ 𝑀𝑜𝑚𝑒𝑛𝑡𝑢𝑚

𝜓 = න𝑑3𝑝𝜓 𝑝, 𝑡 𝑎𝒑
†|0⟩ϕ𝑝,𝑙,𝑠 𝒙

Ψ 𝒙, 𝑡 = න 𝑥 𝑝 𝑝 𝜓 𝑑𝒑 ≡ 𝑊𝑎𝑣𝑒𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑎𝑙

Sturm-Liouville 

Operator

𝑔𝜇𝜈
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ℒ 𝒙, ϕ = −
1

2
r2 sin θ − 𝜕tϕ

2 + 𝜕rϕ
2 +m2ϕ2 −

1

2
sin θ 𝜕θϕ

2 +
1

sin θ
𝜕φϕ

2

ℋ 𝒙,ϕ =
1

2

π2

𝑟2 sin θ
+ 𝑟2 sin θ 𝜕𝑟ϕ

2 +𝑚2ϕ2 + sin θ 𝜕θϕ
2 +

1

sin θ
𝜕φϕ

2

−𝜕𝑡
2ϕ +

1

𝑟2
𝜕𝑟 𝑟2𝜕𝑟ϕ +

1

𝑟2 sin θ
𝜕θ sin θ 𝜕θϕ +

1

𝑟2 sin2 θ
𝜕φ
2ϕ −𝑚2ϕ = 0 𝑝2 = 𝜔𝒑

2 −𝑚2

𝜓 = 𝜓0න𝑑
3𝑝 e−iω𝒑t𝑎𝒑

†|0⟩ϕ𝑝,𝑙,𝑠 𝒙 = 𝑅 𝑟 𝑌𝑙
𝑠 θ, φ = 𝐴𝑒𝑖𝑠φ𝑗෪𝑘𝑙 𝑝𝑟 𝑃෪𝑘𝑙

𝑠 cos θ

Ψ 𝑟, θ, φ, 𝑡 = න𝑑𝑝

𝑙,𝑠

𝐴 𝑒𝑖𝑠φ𝑗෪𝑘𝑙 𝑝𝑟 𝑃෪𝑘𝑙
𝑠 cos θ 𝜓0𝑒

−𝑖ω𝑝𝑡

𝐷 = 𝜕𝑟 𝑟2𝜕𝑟 − 𝐿2 − 𝑟2𝑚2



Bahaa Elshimy 9

ℒ 𝒙, ϕ = −
1

2
cos 𝐻ρ sin2 𝐻ρ sin θ − cos2 𝐻ρ 𝜕𝑡ϕ

2 + 𝜕ρϕ
2
+ 𝐻2 sin−2 𝐻ρ 𝜕θϕ

2 + sin−2 θ 𝜕φϕ
2

−𝑚2ϕ2

ℋ 𝒙,ϕ ≡ ሶϕπ − ℒ π ≡
𝜕ℒ

𝜕 𝜕𝑡ϕ
= 𝐻−2 cos−1 𝐻ρ sin2 𝐻ρ sin θ ሶϕ

EOMs

𝑝2 = 𝜔𝒑
2

at the 𝜌 →
𝜋

2𝐻
limit

𝜓ϕ𝑝,𝑙,𝑠 𝑟, θ, φ = 𝐴𝑙,𝑠 𝑌𝑙
𝑠 θ, φ 𝑁𝑝𝑙 tan

𝑙 𝐻ρ cos𝑛 𝐻ρ 2𝐹1[𝐴𝑟𝑔𝑠 {𝜌}]

Ψ 𝑥, 𝑡 = න 𝑥 𝑝 𝑝 𝜓 𝑑𝒑 = නϕ𝒌 𝑟, θ, φ, 𝑡 𝜓0𝑒
−𝑖ω𝒌𝑡𝑑𝒌

𝐷 = 𝜕𝑟 𝑟2𝜕𝑟 − 𝐿2 − 𝑟2𝑚2

Rescaled Radial Solution

with 
𝑚2

𝐻2 ≫ 1
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https://www.semanticscholar.org/paper/TASI-lectures-on-dark-matter-models-and-direct-

Lin/2a5d193da5550a0396c63304fd2b192750f23610
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Detector
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DM Particle 

Track

Acceleration 

Data

Analysis Framework Track 

Identification



I - Simulation Framework

1.

DM Particle 2. Acceleration 

Data

II - Analysis Framework

(B) Acceleration 

Data

(A) Generated 

Templates

Template 

Matching 

Method

SNR 

Results
Track Identification

3. Digitized 

Data
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N=8

L

s
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Measurement 

Signal

Definition of  

Signal-to-Noise 

Ratio

Variation of  Signal 

with respect to 

Impact Parameter

Uncertainty in 

Signal

Uncertainty in 

Impact Parameter



Bahaa Elshimy 30



Bahaa Elshimy 31

Constant Number 

of  Sensors

3D Analysis
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Constant SNR and 

Constant Side Length

2D Analysis
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